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Abstract
We describe a classO of nonlinear operators which are bounded
on the Lizorkin–Triebel spaces F sp,q(R
n), for 0 < s < 1 and 1 <
p, q < ∞. As a corollary, we prove that the Hardy-Littlewood
maximal operator is bounded on F sp,q(R
n), for 0 < s < 1 and
1 < p, q < ∞ ; this extends the result of Kinnunen [9], valid for
the Sobolev space H1p (R
n).
1 Introduction
The classical Hardy-Littlewood maximal operator M is deﬁned on the
Lebesgue space L1loc(R
n) by setting
∀f ∈ L1loc(Rn), Mn(f)(x) = sup
r>0
1
|Qr|
∫
Qr
|f(x− y)| dy,
for every x ∈ Rn ; here |Qr| denotes the volume of the cube
Qr =
{
y ∈ Rn : max
i=1,...,n
|yi| ≤ r
}
.
The maximal function is a classical tool in harmonic analysis but re-
cently it has been successfully used in studying Sobolev functions and
partial diﬀerential equations, see Bojarski–Hajlasz [4] and Lewis [10].
The celebrated theorem of Hardy, Littlewood and Wiener asserts that
the maximal operator is bounded in Lp(Rn) for all 1 < p ≤ ∞ (cf. Stein
[15]; we say that a –possibly nonlinear– operator T is bounded from a
2000 Mathematics Subject Classiﬁcation: 42B25.
Servicio de Publicaciones. Universidad Complutense. Madrid, 2002
401
http://dx.doi.org/10.5209/rev_REMA.2002.v15.n2.16899
soulaymane korry boundedness of hardy-littlewood maximal. . .
Banach space E to a Banach space F if there exists a constant C such
that for every f ∈ E, we have ‖T (f)‖F ≤ C ‖f‖E). This theorem
is one of the cornerstones of harmonic analysis but the applications to
Sobolev functions and to partial diﬀerential equations indicate that it is
also useful to know how the maximal operator preserves the diﬀerentia-
bility properties of functions. Recently, Kinnunen [9] proved that Mn
is bounded on the Sobolev space H1p (R
n), for 1 < p < +∞. It is there-
fore a natural question to ask whether Mn is also bounded for every
s ∈ (0, 1) on the Sobolev spaces Hsp(Rn) deﬁned by the Bessel potentials
([2], [15]) or on its generalizations Lizorkin–Triebel spaces F sp,q(R
n).
To our knowledge, there is no general theorem allowing us to interpolate
a nonlinear operator T , bounded on H0p (R
n) = Lp(Rn) and H1p (R
n), to
an operator bounded on Hsp(R
n) for every 0 < s < 1, even in the special
case where T is the Hardy-Littlewood maximal operator. The known
results of Bo¨hm [3], Peetre [12] or Tartar [17], do not seem to apply
to our situation. Although non linear, the maximal operator Mn is
strongly related to linear operators : we shall introduce below a notion
of linearizable operator, of which Mn will be an example. We introduce
an alternative of the characterization of F sp,q(R
n) by diﬀerences which
allows us, by the means of the fundamental result of Benedek-Caldero´n-
Panzone [1], to describe a class O of operators T that are bounded on
F sp,q(R
n) for all 0 ≤ s < 1 and 1 < p, q < ∞ ; our result yields that
the Hardy-Littlewood maximal operator is bounded on F sp,q(R
n) for all
0 ≤ s < 1 and 1 < p, q <∞.
We recall the fundamental result due to Benedek, Caldero´n and Pan-
zone [1] : let E and F be Banach spaces ; L(E,F ) denotes the space
of all bounded linear operators from E to F . An operator U is called a
Benedek-Caldero´n-Panzone operator (a BCP operator for short), if U
is bounded from Lr(Rn, E) to Lr(Rn, F ) for some ﬁxed r ∈ (1,∞), and
if there exists a strongly measurable L(E,F )-valued kernel K deﬁned
on Rn, locally integrable outside the origin such that
1) if f is any E-valued continuous function with compact support
supp(f) ⊂ Rn and if x /∈ supp(f), then
U(f)(x) =
∫
Rn
K(x− y).f(y) dy;
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2) (Ho¨rmander’s condition) there exists a constant M ≥ 0 such that
∀y ∈ Rn,
∫
|x|>2|y|
‖K(x− y)−K(x)‖L(E,F ) dx ≤M.
When E = R, the Banach space L(E,F ) is identiﬁed with F and the
kernel K is identiﬁed with a F -valued function.
The result of Benedek, Caldero´n and Panzone states that under these
assumptions, this operator U can be extended to a bounded linear op-
erator from Lp(Rn, E) to Lp(Rn, F ), for every p ∈ (1,∞).
Let us mention an interesting special case of the preceding situation. Let
E = R, F = L2((0,+∞); dt/t) and let U be the convolution operator
with the kernel K deﬁned as follows : since E = R, K is identiﬁed with a
function from Rn to F , namely K(x)(t) = t−n ψ(x/t) for x ∈ Rn, t > 0,
where ψ is a real function on Rn satisfying the following conditions
|ψ(x)| ≤ C |x|−n−,
∫
Rn
ψ(x) dx = 0 and
∫
Rn
|ψ(x−y)−ψ(x)| dx ≤ C |y|,
for some ﬁxed real number  > 0. The operator U corresponding to
the kernel K is related to the g-function operator f → g(f) deﬁned by
setting
g(f)(x) =
√∫ ∞
0
|f ∗ ψt(x)|2 dt
t
= ‖U(f)(x)‖F
where ψt(x) = t−n ψ(x/t). The above conditions imply a suitable decay
at 0 and inﬁnity for the Fourier transform of ψ, and yield that the g-
function operator is bounded on L2(Rn). Then, the result of BCP yields
that U is bounded on Lp(Rn) for every p ∈ (1,∞); we refer to [1] or [6]
for more details.
2 Results
The class O of operators is deﬁned as follows : an operator T belongs
to O if T is a –nonlinear– operator from Lr(Rn) to Lr(Rn) for some
r ∈ (1,+∞), which commutes with translations (i.e. for every α ∈ Rn,
ταT = Tτα, where ταf(x) = f(x− α)), and such that
∀f ∈ Lr(Rn), T (f)(x) = ‖U(f)(x)‖F
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where U is a BCP operator from Lr(Rn) to Lr(Rn, F ) for some Banach
space F .
Notice that every operator T ∈ O takes values in the positive cone
of Lr(Rn). The operator T satisﬁes |T (f) − T (g)| ≤ T (f − g); so T is
continuous on Lp(Rn) if it is bounded, and T is indeed bounded on every
Lp(Rn), 1 < p < +∞ by the Benedek-Caldero´n-Panzone result. This
class O contains the Littlewood-Paley g-function operator mentioned
above.
Theorem 1. Every operator T ∈ O satisﬁes the following properties:
(i) for all 1 < p <∞, T is bounded on H1p (Rn), and for all f ∈ H1p (Rn)
|∂kT (f)| ≤ T (∂kf), k = 1, . . . , n; (1)
(ii) for all 0 < s < 1 and 1 < p, q <∞, T is bounded on F sp,q(Rn).
Corollary 1. The maximal operator M satisﬁes properties (i) and (ii)
of Theorem 1.
Theorem 2. There exists a positive function f ∈ C∞0 (Rn) such that
Mn(f) does not belong to F sp,q(Rn) for every s > 1+1/p and 1 < p, q <
+∞.
3 Key Lemmata
Let us recall the characterization by diﬀerences of the Lizorkin–Triebel
spaces F sp,q(R
n). We ﬁx s such that 0 < s < 1 and let
S1(f)(x) =
(∫ 1
0
[∫
Bn
∣∣∣f(x + th)− f(x)
ts
∣∣∣ dh]q dt
t
)1/q
for f ∈ F sp,q(Rn) and x ∈ Rn, where Bn denotes the unit ball of Rn.
Next, consider the norm
N1(f) = ‖f‖p + ‖S1(f)‖p.
This is an equivalent norm on F sp,q(R
n). In the case q = 2, F sp,2 = H
s
p ;
this characterization is due to Strichartz [16]. The expression ‖S1(f)‖p
appears as the norm in the space
Lp(Lq(L1)) = Lp(Rn, dx, Lq((0, 1), dt/t, L1(Bn)))
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of the function F (x, t, h) = t−s(f(x + th)− f(x)) that depends linearly
upon f . In other words, F sp,q(R
n) is a Banach space isomorphic to a
subspace of Lp(Lq(L1)).
Every operator T ∈ O satisﬁes the following inequality (because any
BCP operator satisﬁes it, see for example Feﬀerman [5] or Garc´ıa Cuerva
and Rubio de Francia [6]) : for all 1 < p < ∞ and 1 < r ≤ ∞, there
exists a constant C ≥ 0 such that for all sequences (fj)j∈Z in Lp(Rn),
we have ∥∥∥∥(∑
j
|T (fj)|r
)1/r∥∥∥∥
p
≤ C
∥∥∥∥(∑
j
|fj |r
)1/r∥∥∥∥
p
. (2)
This inequality in Lp(r) can be easily extended to the continuous case
Lp(Lr), or even to Lp(Lq(Lr)), (1 < p, q, r < ∞); this is proved in our
Lemma 2 below. Since T satisﬁes
|T (f)− T (g)| ≤ T (f − g)
and commutes with translations, we obtain the following pointwise in-
equality ∣∣∣T (f)(x + th)− T (f)(x)∣∣∣ ≤ T(τthf − f)(x).
Computing N1(Tf), the last estimate yields∥∥∥S1(T (f))∥∥∥
p
≤ ‖T (f˜)‖Lp (3)
where f˜(x, t, h) = t−1−2s [f(x+th)−f(x)], p = (p, q, 1) and Lp is deﬁned
below. In order to conclude the proof of Property (ii) in Theorem 1, it
is enough to have the following inequality
‖T (g)‖Lp ≤ C ‖g‖Lp ;
but this last estimate is not true in general for the space Lp, because (2)
is not valid when r = 1 (otherwise, it would be valid for the maximal
operator, and this is known to be false, see [14] page 75) ; since r = 1 is
precisely what we need, the characterization by diﬀerences of F sp,q(R
n) is
not adequate ; we shall rather use the following characterization which
is a special case of a Triebel’s result (cf. [19], page 194) :
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Lemma 1. Let 0 < s < 1, 1 < p, q <∞ and 1 ≤ r < min(p, q) ; then
Nr(f) = ‖f‖p + ‖Sr(f)‖p
deﬁnes an equivalent norm on F sp,q(R
n), where
Sr(f)(x) =
(∫ 1
0
[∫
Bn
∣∣∣f(x + th)− f(x)
ts
∣∣∣r dh]q/r dt
t
)1/q
.
Let 1 < p1, p2, p3 <∞ and set p = (p1, p2, p3); given a Banach space
F , we denote by Lp(F ) the space of all measurable F -valued functions
f deﬁned on Rn × (0, 1)×Bn, such that
‖f‖Lp(F ) =
{∫
Rn
[ ∫ 1
0
(∫
Bn
∥∥f(x1, x2, x3)∥∥p3F dx3)p2/p3dx2]p1/p2dx1}1/p1<∞.
When F = R, we denote simply by Lp the corresponding space. If U
is a BCP operator from Lr(Rn) to Lr(Rn, F ), we associate to it the
operator U˜ deﬁned by :
U˜(f)(x1, x2, x3) = U
(
fx2,x3
)
(x1)
for every F -valued continuous function f deﬁned on Rn× (0, 1)×Bn with
compact support, where fx2,x3 denotes the function x1 → f(x1, x2, x3).
Under these hypothesis, we have the following result:
Lemma 2. The operator U˜ can be extended to a bounded operator from
Lp to Lp(F ).
4 Proofs
4.1 Proof of Lemma 2
The proof is just an iteration of the fundamental result of Benedek,
Caldero´n and Panzone which we recalled in the introduction. Let U be
a BCP operator from Lr(Rn) to Lr(Rn, F ), for some r ∈ (1,+∞); its
kernel K is a function from Rn to F . A ﬁrst application of BCP yields
that U is bounded from Lp3(Rn) to Lp3(Rn, F ). For every continuous
function g with compact support in Rn ×Bn and for every x3 ∈ Bn, let
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gx3(x1) = g(x1, x3), and let (U1g)(x1, x3) = (Ugx3)(x1); for every x3, we
have ∫
Rn
‖Ugx3(x1)‖p3F dx1 ≤ Cp3
∫
Rn
|gx3(x1)|p3 dx1.
By integrating with respect to the variable x3 ∈ Bn and applying
Fubini’s theorem, we deduce from this an operator U1 deﬁned from
Lp3(Rn, E1) to Lp3(Rn, F1), where E1 = Lp3(Bn) and F1 = Lp3(Bn, F );
this operator U1 is a new BCP operator: its kernel K1, where K1(x1) ∈
L(E1, F1) is deﬁned by setting
(K1(x1).f)(x3) = f(x3)K(x1).
The operator norm of K1(x1) and K(x1) coincide, and similarly
‖K1(x1 − y1)−K1(x1)‖L(E1,F1) = ‖K(x1 − y1)−K(x1)‖F .
So, the Ho¨rmander condition for K1 results immediately from that of
K. Second, we apply the result of BCP, with r = p3, to deduce that
U1 deﬁnes a bounded operator from Lp2(Rn, E1) to Lp2(Rn, F1); again
Fubini’s theorem gives an operator U2 deﬁned on Lp2(Rn, E2) with values
in Lp2(Rn, F2), where E2 = Lp2((0, 1), E1) and F2 = Lp2((0, 1), F1), its
kernel K2, where K2(x1) ∈ L(E2, F2) is deﬁned by setting(
K2(x1)f
)
(x2, x3) =
(
K1(x1)f(x3)
)
(x2);
again the operator norm of K2(x1) and K1(x1) coincide, and similarly
‖K2(x1 − y1)−K2(x1)‖L(E2,F2) = ‖K1(x1 − y1)−K1(x1)‖L(E1,F1).
So, the Ho¨rmander condition for K2 results immediately from that of
K1. We ﬁnish the proof by a third application of the BCP result,
which shows that U2 deﬁnes a bounded operator from Lp1(Rn, E2) to
Lp1(Rn, F2).
4.2 Proof of Theorem 1
(i) Let (ei)ni=1 be the canonical basis of R
n ; the characterization of
H1p (R
n) using the modulus of continuity ωp(h) = ‖τheif − f‖p (cf. Stein
[15], page 139), the inequality
|ταT (f)− T (f)| ≤ T (ταf − f)
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and the boundedness of T in Lp(Rn) for every p ∈ (1,∞) yield that T
is bounded on H1p (R
n). Now, we prove the pointwise inequality (1). We
have the following pointwise inequality
ε−1m |T (f)(x + εmei)− T (f)(x)| ≤ T
(
ε−1m {τεmeif − f}
)
(x), (4)
where (εm)m∈N is a sequence of real numbers such that εm > 0. The
condition f ∈ H1p (Rn) and the boundedness of T on H1p (Rn) yield
T
(
τεmeif − f
εm
)
−−−−→
m→∞ T (∂if) in L
p(Rn). (5)
and
τεmeiT (f)− T (f)
εm
−−−−→
m→∞ ∂iT (f) in L
p(Rn). (6)
Without loss of generality, we may assume that (5) and (6) hold a.e. So
by passing to the limit in (4), the Property (i) is completely proved.
(ii) The case s = 0 is the case Lp(Rn) = F 0p,2(R
n), and it is given by the
BCP result; the proof for 0 < s < 1 consists in using the fact that∣∣∣∣T (f)(x + th)− T (f)(x)t1+2s
∣∣∣∣ ≤ T(τthf − ft1+2s
)
(x) a.e.
Consequently
‖Sr
(
T (f)
)‖p ≤ C ‖U˜(f˜)‖Lp(F ), (7)
where p = (p, q, r), 1 < p, q <∞, 1 < r < min(p, q) and
f˜(x, t, h) =
f(x + th)− f(x)
t1+2s
.
Lemma 2 and inequality (7) conclude the proof of Property (ii).
4.3 Proof of Corollary 1
Step 1. Let φ ∈ C∞0 (Rn) be radial such that supp(φ) ⊂ {x : |x| ≤ 1};
we deﬁne the operator Mφ by setting
∀f ∈ L1loc(Rn), Mφ(f)(x) = sup
δ>0
|f ∗ φδ(x)|,
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where φδ(x) = 1δnφ
(
x
δ
)
. The operator Mφ is a BCP operator: it
is linearizable, and its linearization Uφ : Lp(Rn) → Lp(Rn, F ), where
F = L∞((0,∞), dt), is deﬁned by saying that Uφ(f)(x) is the bounded
function δ > 0 → f ∗φδ(x). The operator Uφ is bounded from Lp(Rn) to
Lp(Rn, F ), because Mφ(f) is majorized by C M(f) for some constant
C. The kernel corresponding to Uφ is the F -valued function Kφ deﬁned
by
Kφ(x) : δ > 0 → δ−nφ(x/δ);
this function Kφ is diﬀerentiable (from Rn to F ) away from the origin,
and
‖K ′φ(x)‖F ≤ C |x|−n−1;
it results from it that the Ho¨rmander condition is satisﬁed: we use the
mean value theorem and the polar coordinates, we obtain∫
|x|>2|y|
‖Kφ(x− y)−Kφ(x)‖F dx ≤ C |y|
∫
|x|>2|y|
|x|−n−1 dx
≤ C |y|
∫
ρ>2|y|
dρ
ρ2
≤ C
(C denotes a universal constant which may change from line to line);
this shows that Mφ satisﬁes the assumptions of Theorem 1.
Step 2. If moreover the function φ of step 1 satisﬁes the conditions
φ ≥ 0 and φ(0) > 0, there exists a constant C such that Mn(f) ≤
C Mφ(|f |). So∣∣∣∣Mn(f)(x + th)−Mn(f)(x)t1+2s
∣∣∣∣ ≤ Mn(τthf − ft1+2s
)
(x),
≤ C Mφ
(∣∣∣∣τthf − ft1+2s
∣∣∣∣)(x).
Therefore the Lemma 1 gives
‖Sr(Mn(f))‖p ≤ C ‖U˜φ(f˜)‖Lp(F ), (8)
(1 < p, q <∞, 1 < r < min(p, q) and p = (p, q, r)) where
f˜(x, t, h) =
∣∣∣∣f(x + th)− f(x)t1+2s
∣∣∣∣.
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Since the step 1 yields that Uφ is a BCP operator, so the Lemma 2 and
the inequality (8) give that the maximal operator satisﬁes the Prop-
erty (ii) of Theorem 1.
4.4 Proof of Theorem 2
We split the proof of Theorem 2 into two steps.
Step 1. Here, we deal with the one-dimensional situation. We shall
prove that there exists a positive function f ∈ C∞0 (R) such that, for
every ε > 0, M1(f) is not (1 + ε)-Ho¨lder function in a neighbourhood
of 0. This yields, by the following embedding (cf. Triebel [18])
F vp,q(R) ↪→ Cv−
1
p (R) for every v > 1/p,
that M1(f) does not belong to Hsp(R) whenever s > 1 + 1/p.
Now, consider a positive function f ∈ C∞0 (R) satisfying the following
conditions
• supp(f) ⊂ [1/3, 2] ;
• f is increasing on [1/3, 2/3] and decreasing on [2/3, 2] ;
• ∫ 10 f(x) dx = 1, f(1) = 1 and f (m)(1) = 0 for every m ≥ 1.
First, let us explain how to compute M1(f)(x) for every x < 1/3. Ob-
viously, for x < 1/3, we have
M1(f)(x) = sup
y>0
1
2y
∫ x+y
x−y
f(t) dt =
1
2
sup
u>x
F (u)− F (x)
u− x ,
where F (u) =
∫ u
−∞ f(t) dt. Using the convexity of F and the fact that
F ∈ L∞(R), we observe that there exists one and only one real number
u > x such that
M1(f)(x) = 12
F (u)− F (x)
u− x .
So the relation between u and x is
x = u− F (u)
f(u)
= u− F (u)
F ′(u)
;
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Finally, for every x < 1/3, we compute M1(f)(x) by the following algo-
rithm ⎧⎪⎪⎨⎪⎪⎩
M1(f)(x) = F
′(u)
2
,
x = u− F (u)
F ′(u)
.
On a neigbourhood of x = 0 and u = 1, we have, for every natural
number N ≥ 1, F (u) = u + O((u− 1)N ) and F ′(u) = 1 + O((u− 1)N ).
Therefore, for every N ≥ 1, x = x(u) = O((u − 1)N ) ; so the mapping
x → u is not regular. However, we have F ′(u) = 1 + O((u − 1)N ), and
the situation is not clear. We have to reﬁne our analysis, which we shall
do in the following particular case : we assume that
F (u) = u− exp(− 1
(u− 1)2 ) in a neighbourhood of 1;
this is compatible with the conditions given above. Therefore, we have
F ′(u) = 1− 2
(u− 1)3 exp
(
− 1
(u− 1)2
)
,
and
x = u− F (u)
F ′(u)
= exp
( −1
(u− 1)2
){
− 2
(u− 1)3 −
2
(u− 1)2 + 1 + · · ·
}
.
So, it follows that⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
2M1(f)(x) = 1− 2(u− 1)3 exp
( −1
(u− 1)2
)
x = − 2
(u− 1)3 exp
( −1
(u− 1)2
)− 2
(u− 1)2 exp
( −1
(u− 1)2
)
+exp
( −1
(u− 1)2
)
+ · · · .
Hence, we obtain 2M1f(x) = 1 + x + O(x). Nevertheless, 2M1f(x)
does not equal to 1 + x + O(x1+ε). We proceed by contradiction by
assuming that
2M1f(x) = 1 + x + O(x1+ε).
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Since
2M1f(x)− (1 + x) =
{
1− 2
(u− 1)3 exp
( −1
(u− 1)2
)
− 1
}
+
2
(u− 1)3 exp
( −1
(u− 1)2
)
+
2
(u− 1)2 exp
( −1
(u− 1)2
)
− exp
( −1
(u− 1)2
)
+ · · ·
= − 2
(u− 1)2 exp
( −1
(u− 1)2
)
+ · · ·
= (u− 1)x + · · ·
This yields that u−1 = O(xε). But this is impossible. Hence, for every
ε > 0, M1(f) is not (1 + ε)-Ho¨lder function on a neighbourhood of 0.
Step 2. Let us recall that the function f , given in the step 1, satisﬁes
the following proposition : for every 0 < δ < 1/3, there exists η > 0
such that the equality
M1(f)(x1) = sup
0<r<η
1
2r
∫ r
−r
f(x1 − u1) du1.
holds for every x1 ∈ (−δ, δ). Deﬁne a function f˜ by setting
f˜(x) = f(x1) θ(x′), x′ ∈ Rn−1,
where θ ∈ C∞0 (Rn−1) is a smooth function satisfying 0 ≤ θ ≤ 1 and
θ(0) > 0. Since f ∈ L∞(R), then there exists γ > η (independent of θ)
such that, for every x1 ∈ (−δ, δ) and every x′ ∈ Rn−1,
Mn(f˜)(x1, x′) =
= sup
0<r<γ
1
|Qr|
∫
Qr
f(u1 − x1) θ(u2 − x2, . . . , un − xn) du1 . . . dun.
Now, we choose θ such that θ(u2, . . . , un) = 1 on
Q˜γ+1 =
{
(v2, . . . , vn) ∈ Rn−1 : max
2≤i≤n
|vi| ≤ 1 + γ
}
.
Therefore, for every x1 ∈ (−δ, δ) and every x′ ∈ Q˜1, we have
Mn(f˜)(x1, x′) =M1(f)(x1).
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Obviously, f˜ is a positive function belonging to C∞0 (Rn). However, for
every real number s > 1 + 1p , the function Mn(f˜) does not belong
to F sp,q(R
n). If this would be false, via the so-called Fubini property
(cf. Triebel [20], Theorem 4.4, page 36 ; but in the cases considered here
it can also be found in a somewhat hidden way in a paper by Kaljabin
[7] and [8]) :
‖Mn(f˜)‖F sp,q ∼
n∑
j=1
∥∥∥ ‖Mn(f˜)(x1, . . . , xj−1, •, xj , . . . , xn)‖F sp,q(R)∥∥∥Lp(Rn−1) ,
we obtain that, for almost every x′ ∈ Q˜1, the function x1 →
Mn(f˜)(x1, x′) belongs to F sp,q(R). But, according to step 1, this is im-
possible. This concludes the proof of Theorem 2.
Before we conclude, we would like to make some remarks.
Remark 1. Consider the following variant of the Hardy-Littlewood
maximal operator, deﬁned by the means of Gauss semigroups (ϕt)t>0
by setting :
T (f) = sup
t>0
|f ∗ ϕt(x)|,
where ϕt(x) = t−n/2 ϕ(x/
√
t) and ϕ(x) = (2π)−n/2 exp(−|x|2/2). It is
simple to chek that T ∈ O. However, if we choose f = ∂/∂x1ϕ which
belongs to the Schwartz class S(Rn) ; the function T (f) does not belong
to F sp,q(R
n) for every s ≥ 1 + 1/p and q < +∞. Indeed, by using the
identity ϕt ∗ f = ∂/∂x1ϕt+1, we obtain T (f)(x) = |x1| ϕ(x) for every
|x| ≤ 1. According to the fact that |x1| does not belong, locally on a
neighbourhood of the origin, to F sp,q(R
n) as soon as s ≥ 1 + 1/p and
q < +∞ (due to the fact that, in the one-dimensional situation, the
characteristic function χ[−1,1] does not belongs to F s−1p,q (R) whenever
s ≥ 1 + 1/p and q < +∞), this completes our claim.
Remark 2. Denote by x = (x1, . . . , xn) points in Rn. For a locally
integrable function f on Rn, deﬁne
(Nnf)(x)
= sup
a1<x1<b1
· · · sup
an<xn<bn
1
(b1 − a1) · · · (bn − an)
∫ b1
a1
· · ·
∫ bn
an
f(y1, . . . , yn) dyn · · · dy1.
The operator Nn is called the “strong” maximal function on Rn.
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Corollary 2. Let 0 < s < 1 and p, q ∈ (1,+∞). Then, the operator N
is bounded on F sp,q(R
n).
Proof. Observe that there exists a constant cn such that
Nn ≤ cn M(1)1 ◦ · · · ◦M(n)1 ,
where M(j)1 denotes the maximal centered operator M1 applied to xj
coordinate. Therefore, we obtain∣∣∣∣Nn(f)(x + th)−Nn(f)(x)t1+2s
∣∣∣∣ ≤ Nn(f(·+ th)− f(·)t1+2s
)
(x),
≤ Cn M(1)1 ◦ · · · ◦M(n)1
(
f˜(·, t, h))(x)
where
f˜(x, t, h) =
∣∣∣∣f(x + th)− f(x)t1+2s
∣∣∣∣
An iteration of Lemma 2 concludes the proof of Corollary 2.
Remark 3. Note that by real interpolation of nonlinear operators the
boundedness of the maximal operator on Besov spaces Bsp,q(R
n), 0 <
s < 1 becomes obvious : One has by real interpolation
Bsθp,q(R
n) =
(
Lp(Rn),Hsp(R
n)
)
θ,q
where
1 < p <∞, 0 < q ≤ ∞, , 0 < θ < 1, s ∈ R,
one can remplace Hsp by F
s
p,r.
Furthermore M is sublinear with the consequence
‖M(f)−M(g)‖p ≤ C ‖M(f − g)‖p ≤ C ′ ‖f − g‖p, 1 < p <∞.
Together with the proved boundedness of M in Hsp or F sp,r one can
use the nonlinear real interpolation by Peetre [12] and Tartar [17]. An
appropriate formulation can be found in Runst–Sickel [13], page 88. It
comes out that M is also bounded at least is Bsp,q with 0 < s < 1,
1 < p <∞, 0 < q ≤ ∞.
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